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Abstract—There are many models of memristors, but there 

are no reports on exponential memristors. In this paper, a three- 

dimension memristor Rucklidge system with exponential 

memristor is proposed by introducing exponential function and 

constructing exponential memristor. The dynamic behavior of 

the system is analyzed by means of Lyapunov exponent and 

bifurcation diagram. The complex attractor coexistence and 

amplitude modulation characteristics of the system are found. 

The internal variable of memristor is introduced into the second 

two-dimensional equation as a feedback term, and a conditional 

symmetric system is constructed for the three-dimensional 

memristor system, which can realize the polarity control of 

output signal. By discussing the dynamic characteristics of 

exponential memristor chaotic system and the control 

mechanism of amplitude modulation, bias and conditional 

symmetry, the complex dynamic characteristics of exponential 

function memristor are revealed, which lays a foundation for its 

application in the field of secure communication. 

Keywords—memristor, conditional symmetry, coexistence 

attractors，amplitude modulation 

I. INTRODUCTION 

As an electronic component with memory properties, 
memristors play a very important role in the development of 
artificial intelligence technologies such as image encryption 
and synaptic simulation. The introduction of memristors into 
chaotic systems can affect system dynamics and even lead to 
extreme multistability [1]-[5]. Numerous studies of memristor 
models and typical chaotic systems have been published, and 
memristors have been widely studied in the fields of secure 
communication [6,7], cryptography [8], [9], image encryption 
[10], [11], memory [12], [13], speech encryption [14], 
recognition and sequencing applications [15]. 

The results show that the adjustment of the system itself 
can produce different chaotic signals without providing 
peripheral Settings to interfere with the adjustment. Similar 
self-modulation methods include frequency control [16], 
medium amplitude control and conditional symmetry control 
[17]-[19], and super multi-stable attractors [20]-[22], and so 
on. Conditional symmetry overcomes the structural 
limitations of the system and finds possible polar opposite-
coexisting attractors in asymmetric systems. Many systems 

have symmetries in science and engineering [23]-[25]. A 
chaotic system with two cubic nonlinear terms is proposed, 
which has fully symmetrically coexisting bifurcation behavior 
and has the same Lyapunov exponent [26]. A 4-dimensional 
conditional symmetric system memristor chaotic system is 
proposed, which also has rich characteristics of amplitude 
modulation and frequency modulation [27].  

However, most of these memristor systems are four-
dimensional or higher, which leaves a lot of room for the study 
of three-dimensional memory chaotic systems. A three-
dimensional memristor chaotic system with conditional 
symmetry is constructed by embedding a secondary magnetic-
controlled memristor in varible-boostable chaotic system [28]. 
The offset boosting and conditional symmetry of the system 
are discussed emphatically. It can be seen that three-
dimensional memristor chaotic system also has the 
characteristics of high dimensional system. It is a kind of 
dimensionality reduction processing to combine the feedback 
term introduced into the system with the internal variables of 
the memristor. Since the introduction of the memristor system 
will maintain a high complexity, it also provides ideas for 
dimensionality reduction processing of the high-level system.  

In 1992, Professor Rucklidge proposed the Rucklidge 
system in his research on fluid mechanics. This system is like 
as Lorenz system. It is a three-dimensional autonomous 
chaotic system. Lai Qiang [29] introduced the piece linear 
term with absolute value into Rucklidge system, and 
constructed a minimalist three-dimensional chaotic system 
with amplitude modulation and multiple coexistence. The 
absolute piecewise linear term used in this system is similar to 
the memristor expression in the quadratic active magnetron 
memristor model proposed by Bao [30]. Therefore, this term 
can add memory function to the system.  

The study of nonlinear vibration and chaotic phenomena 
in fluid dynamics is of great significance for understanding the 

motion， and has certain reference value many complex 

processes in fluid dynamics and improving various fluid 
dynamics control methods. We study the Rucklidge system in 
this context. In order to enrich the dynamic behavior of the 
system, improve the un predictability of the system and obtain 
better chaos effect, the memristor is introduced into the 
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Rucklidge system. In this study, an exponential memristor is 
constructed by introducing an exponential function, then a 
three-dimensional Rucklidge system with exponential 
memristor is proposed. In order to introduce the memristor 
without increasing the dimension of the system, the 
derivatives of the internal variables of the memristor are 
considered here using the third dimension of the Rucklidge 
system directly. In this new model, we find complex attractor 
coexistence and amplitude modulation properties. The effects 
of the initial values of the system parameters and state 
variables on the system are analyzed in detail by means of the 
system phase trajectory diagram, bifurcation diagram and 
Lyapunov exponent. 

II. MODEL OF MEMRISTOR CHAOTIC SYSTEMS 

A. System Mathematical Model 

The Rucklidge system was proposed by Rucklidge while 
studying a class of fluid dynamics problems in 1992. It is 
related to thermodynamics and is a three-dimensional 
autonomous chaotic system similar to the Lorenz system. 

{

�̇� = −𝑎𝑥 + 𝑏𝑦 − 𝑦𝑧  
 �̇� = 𝑥                               

�̇� = 𝑦2 − 𝑧                     
              () 

B. Memristor Model 

Chaotic systems and memristor chaotic systems with 
exponential terms have been studied, but there is no 
exponential memristor. In order to embed the memristor into 
the three-dimensional system without increasing the 
dimension, the exponential memristor model is constructed by 
taking the third dimensional equation of Rucklidge system as 
the internal variable of the memristor. Mathematical 
expression of the memristor model can be described as 
follows: 

   {

𝑖 = 𝑊(𝜑)  𝑢  

 𝑊(𝜑) = 𝑒𝑚𝜑   

�̇� = 𝑢2 − 𝜑    

                 () 

The exponential memristor is introduced into the first 
dimension of Rucklidge system as a feedback term, and a new 
three-dimensional memristor chaotic system is obtained. The 
mathematical model of Memristor Rucklidge system is 
expressed as: 

{

�̇� = −𝑎𝑥 + 𝑏𝑦 − 𝑐𝑦𝑒𝑚𝑧  
 �̇� = 𝑥                                      

�̇� = 𝑦2 − 𝑧                           
          () 

where x, y, and z are three dynamical variables and a, b, c，
m are all positive parameters. In system (3). The parameters 
of the system are a = 2, b = 10, c = 1, m = 3, and initial 
condition (IC) is (1, 0, 2). Numerical simulation software 
Matlab is used to numerical simulation, and the memristor 
Hysteresis characteristic curve and the phase trajectories of 
each plane are shown in Figure 1. The attractor of system (3) 
is symmetric attractor.  

  

  

Fig. 1. memristor Hysteresis characteristic curve and attractor of memristor 

chaotic system 

In order to study the influence of internal variables of 
memristor on the system, the internal variables of memristor 
are introduced into the second dimension. A new asymmetric 
memristor chaotic system (4) is obtained. A variable with a 
polarity reversal in the system may involve an offset 
enhancement of conditional symmetry. Here the absolute 
value function simply replaces the introduced variable f(z), 
and the system can be conditionally symmetric: 

{

�̇� = −𝑎𝑥 + 𝑏𝑦 − 𝑐𝑦𝑒𝑚𝑧   
 �̇� = 𝑥  + 𝑓(𝑧 )                    

�̇� = 𝑦2 − 𝑧                           

          () 

Choosing f (z) = |z| -d or f (z) = z presents two symmetric 
attractors. The conditional symmetry here is not in the strict 
sense of conditional symmetry, and the bias of z does not 

manifest, but presents inversion symmetry of (x, y, z) →(−x, 

−y, z). 

  

Fig. 2. Conditional symmetric coexisting attractors of system(4) and the 

initial conditions IC =(1 , 0 ,-2)(red) and IC =(1, 0, 2) (pink) .(a) x-y, (b) x-z 

C.  Dynamical Analysis 

Analysis the dissipation of system (3), ∇V =
∂ẋ

∂x
+

∂ẏ

∂y
+

∂ż

∂z
 = 

−1−a < 0，Indicates that the system is dissipative. Let, �̇� = 

�̇�  =   �̇�  = 0, the system have a mathematical solution, the 
equilibrium point is E（𝑥0, 𝑦0, 𝑧0） = (0, 0, 0).  

The Jacobian matrix at the equilibrium point E of a three-

dimensional memristor chaotic system is solved by linear 

transformation as follows: 

J= {

−𝑎 𝑏 − 𝑐exp(𝑚 𝑧0) −𝑚𝑐 𝑦
0
exp(𝑚 𝑧0)

1 0 1
0 2 𝑦

0
−1

      (5) 

The eigenvalue satisfying of the characteristic equation λ
I−J = 0 : λ1 = − 1.0 + 19.8098 * i;  λ2 = − 1.0− 19.8098*i; 
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λ3 = −1. The equilibrium point is stable. It can be said that 
this system is a system with a hidden attractor. The following 
conclusions can be obtained through Wolf algorithm, that 
Lyapunov exponents (Shorthand for LyE) are: LyE1 = 
0.224374, LyE2 = −0.000594, LyE3 = −3.223748. The value 
of the above LyE was obtained when the time step was set as 
1S and the time length was set as 5000S.   

With fixed parameters b = 10, c = 1, m = 3, when parameter 
changes within the range of a ∈  [1, 2.2], the bifurcation 
diagram and the corresponding Lyapunov exponent spectrum 
of system (3) is presented in Fig.3. 

With the increase of a, the system enters the chaotic state 

through period-doubling bifurcation, and a narrow period 

window appears in the interval a ∈ (1.63, 1.67) and a ∈ (1.86, 

1.88), the maximum value shows an exponential decreasing 

trend from a =1.58. The bifurcation diagram and the 

Lyapunov exponent as shown in Fig.3(a-b). 

When b changes from 2 to 12 and other parameters 

remain unchanged, the bifurcation diagram of state variable 

x and the corresponding Lyapunov exponent spectrum are 

respectively shown in Fig.3(c-d). When b∈[3.7, 8.2] and b ∈ 

[9.07, 12], the system is chaotic and the maximum Lyapunov 

exponent is positive.  

  

  

Fig. 3. Bifurcation diagram and Lyapunov exponent of system (3) with 

parameter a and b. 

Similarly, other parameters are fixed, and the bifurcation 

parameter is selected as c. With the change of c, the system 

enters a chaotic state at 0.2, and presents a narrow periodic 

window in the interval c ∈ (0.40, 0.42) and c ∈ (0.75, 0.79). 

The bifurcation diagram and Lyapunov index of c are shown 

in Fig.4. 

  
 

Fig. 4. Bifurcation diagram and Lyapunov exponent of system (3) with 

parameter c. 

III. AMPLITUDE MODULATION AND OFFSET BOOSTING  

A. Amplitude Modulation Based on Parameter m 

Set m as the bifurcation parameter, the bifurcation diagram 
and Lyapunov exponent as shown in Fig.5.  

  

Fig. 5. Lyapunov exponent spectrum and bifurcation diagram under diff

erent values of the parameter m . (a) Lyapunov exponent, (b) Bifurcation 

digram 

The parameter m in the exponential memristor is a special 
parameter. As a power coefficient, it has obvious influence on 
the whole exponential function. We know that the range of the 
exponential function must be greater than 0. We believe that 
the memristor feedback term we introduce here must be a 
positive feedback term. This will make our system more prone 
to oscillations.  

Parameter m affects the amplitude of the output signal, in 
addition to the influence of m on the chaos and periodic after 
the system enters chaotic state. With the increase of m, the 
amplitude decreases exponentially, mainly due to the 
influence of exponential memristor. In particular, the phase 
trajectory diagram of the system when m takes different values 
as shown in Fig.6. When m > 1, the phase trajectory not only 
presents amplitude modulation, but also shows a symmetric 
transformation. The attractor is symmetric, At m = 1.5, and at 
m = 3 the attractor is inverse to the attractor at m<=1. 

   

   

Fig. 6. Projections of the system under different values of the parameter m 

B. Amplitude Modulation Based on Scale Transformation 

 In order to further realize the amplitude modulation of 
other signals, a scale modulation parameter k is introduced 

here. The system (3) is scaled to x→kx, y→yk, z→zk. The 

mean value of the system under different scales of initial value 
IC = (1, 0, 2) and k ϵ (0, −4] as shown in Fig. 7.  

The amplitude of the mean value of the signal x and z 
presents an inverse exponential relationship with the scale 
parameter k. The mean (x) is negative and mena (z) is positive, 
which is related to the quadrant where the phase trajectory is 
located, which can also be confirmed by the sequential 
waveforms. The attractors on the x and z axes are 
asymmetrical. And the mean of y changes very little, because 
the phase orbitals are two-sided on the Y-axis, and the mean 
is basically 0. 
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Fig. 7. The sequential waveformswaveforms and average values of x(t), y(t), 

z(t) with parameter k  

C. Offset Boosting of the Conditional Symmetric System 

If a certain state variable can control the polarity of the 
output signal in the system by changing the parameters, it can 
adjust the polarity of the output signal by adding a voltage 
source. 

DC bias can adjust the mean value and polarity of the 
output signal. In this system, x variable is simplest to control 
the signal bias by changing the parameters. Here the parameter 
n is used as the DC bias of the variable x. Fig.8 shows the 
position of the attractor at n = −10, n = −5, n = 0, and n =5 to 
explain the effect of DC bias on the mean and polarity of the 
system. 

  

Fig. 8. The influence of offset parameter n on the phase trajectory diagram.   

IV.  CONCLUSION AND DISCUSSIONS 

In this paper, an exponential magnetron memristor is 

constructed using an exponential function and embedded into 

a three-dimensional Rucklidge system. A chaotic system with 

stable equilibrium point is formed by taking the internal 

variable of the memristor as a feedback term. The dynamic 

characteristics of the exponential memristor chaotic system 

and the control mechanism of amplitude modulation, bias and 

conditional symmetry are explored. When n is used as the DC 

bias parameter of the output signal x, can you adjust it to get 

different polar output of x. Especially in the aspect of 

amplitude modulation, it shows the influence of exponential 

function on the whole characteristics of the system. Therefore, 

the exponential function memristor can make the output 

amplitude exponentially adjustable and increase the 

complexity of the output signal. 
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