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An Incremental Linear Discriminant Analysis
for Data Streams Under Non-stationary
Environments*

Annie anak Joseph†, Young-Min Jang‡, Seiichi Ozawa† and Minho Lee‡

In real life, data are not always generated under stationary environments. However, traditional
learning systems have normally assumed that the property of data streams is stationary over time,
and this sometimes leads to the degradation in the system performance when there are some hidden
contexts changes (e.g. changes in class boundaries and temporal trends in time series). Such context
changes are called concept drifts, and various methods to handle concept drifts have been devel-
oped in machine learning and data mining fields. However, most of them are aiming for building
classifier models. Considering that class boundaries have changed over time under non-stationary
environments, extracted features should also be adapted to concept drifts autonomously. In this
paper, we propose an extension of incremental linear discriminant analysis (ILDA) as an online fea-
ture extraction method under non-stationary environments. The extended ILDA has the following
two functions: concept-drift detection and knowledge transfer. The recognition performance of the
extended ILDA is evaluated for three benchmark data sets. Experimental results demonstrate that
the recognition performance in the extended ILDA is greatly improved by introducing the knowledge
transfer after the concept-drift detection.

1. Introduction

Along with the development of computers, the in-
ternetwork, and small electronic devices (e.g. sen-
sors), large amounts of data are continuously gen-
erated in our life. This type of data is called data
stream. Recently, extracting rules and knowledge from
such large scale data streams has been recognized
as challenging tasks in machine learning and data
mining. Actually, the applications dealing with data
streams are spreading over various problems such as
person identification systems[1–3] and personal pro-
filing using tweets and comments on SNS.

In real life, data streams are not always generated
under stationary environments. In pattern recogni-
tion problems, for example, the concept of one class
could be changed over time (e.g. various human pref-
erences have been changed over time actually). Such
changes in a data stream are known as concept drift
[4], and traditional learning systems have not nor-
mally assumed such dynamic properties of a data
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stream; thus, the recognition performance would be
decreased when some context changes (e.g. changes
in class boundaries and temporal trends in time se-
ries) happen behind the scene for a learning system.
This problem has received great attention with the in-
creasing number of practical applications[5] in which a
target concept is suspected to be changed over time.
Although various methods to handle concept drifts
have been developed [6,7], most of them are aim-
ing for building classifier models, in which ensemble
classifier models are often adopted [6,8,9]. On the
other hand, considering that useful features would
also be changed over time under non-stationary envi-
ronments, extracted features should also be adapted
to concept drifts autonomously. To the best of our
knowledge, although several online feature selection
methods have been proposed to handle concept drifts
in data streams[10], there exist a few online feature
extraction methods for concept drift problems. Blythe
et al.[11] have proposed an approach to change-point
detection, where useful features are extracted to iden-
tify non-stationary directions by Stationary Subspace
Analysis[12]. Other than the above approaches, on-
line feature extraction methods such as Incremen-
tal Principal Component Analysis[1] and Incremental
Linear Discriminant Analysis[2,14] have never consid-
ered non-stationary properties of data streams.

In this paper, an extension of ILDA is proposed
as an online feature extraction method under non-
stationary environments. In order to find useful fea-
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Identification of Partially Unknown System
Matrix of Discrete-time Stochastic Systems via
Pseudomeasurement Approach*

Akio Tanikawa† and Yuichi Sawada‡

In this paper, a new identification method of linear discrete-time stochastic systems is proposed.
We assume that some entries of the system matrix are unknown and propose a new method which
identifies those unknown entries and the state vector of the system simultaneously. The key idea of
the proposed method is the use of pseudomeasurement which was first introduced by Whitecombe
in tracking of maneuvering targets for obtaining high-accurate estimates of the system states from
noisy observation data and has been used by several researchers for various purposes. We utilize
the pseudomeasurement as a ficticious observation process on the unknown entries of the system
matrix for obtaining better estimates of them. Augmenting the pseudomeasurement with the original
observation process, we derive the new identification method by applying the extended Kalman filter.

1. Introduction

Identification methods of stochastic dynamical sys-
tems from input and output data have been inves-
tigated by many researchers during the past thirty
years. One of the most popular methods to identify
those systems has been the subspace-based identifica-
tion method over the last two decades (see[7] and[16]).
To recall the idea of the subspace-based method, let
us consider the linear system given by

x(t+1) =Ax(t)+Bu(t)+w(t), (1)

y(t) =Cx(t)+v(t), (2)

where w(t) and v(t) are random noise sequences. In
the subspace-based method, the identification of the
sytems matrices (A,B,C) is performed from the in-
put and output data {u(t),y(t)} within a similar-
ity transformation such as (AT ,BT ,CT ) where AT =
T−1AT,BT = T−1B,CT = CT and T is a transfor-
mation matrix. However, the matrices (A,B,C) can-
not be identified individually by the subspace-based
method because the transformation matrix T cannot
be determined.

In this paper, we will propose a new identification
method of discrete-time linear stochastic systems. As-
suming that some entries of the system matrix are
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unknown, we propose a new method which identi-
fies those unknown entries and the state vector of
the system simultaneously. Although it is possible
to have an estimate of the matrix A from the esti-
mate of (AT ,BT ,CT ) by the subspace-based method,
we cannot utilize the known part Ak of A explicitly.
However, in Section 5, we will propose the iterative
method which identifies both the states of the system
and the unknown part Au of A by making use of Ak

explicitly. This is one of the advantages of the the pro-
posed method in this paper over the subspace-based
method.

The crucial idea of the proposed method is the use
of pseudomeasurement which is a fictitious observa-
tion process on the unknown entries of the stochastic
dynamical systems. To the best of our knowledge,
pseudomeasurement was first introduced by White-
combe[17] in tracking of maneuvering target for ob-
taining high-accurate estimates of velocity and accel-
eration from noisy observation data. It was also used
in aerial target tracking problems by several other re-
searchers[1,14,15]. Later, Ohsumi and his colleagues
applied the idea of pseudomeasurement to tracking
problems of maneuvering ships[12,13] and some iden-
tification problems in environmental pollution prob-
lems[10,11]. Recently, Ohsumi and his colleagues ap-
plied it to identification problems of unknown exoge-
nous inputs and related quantities[4–6,8,9] and also to
identification problems of unknown entries of system
matrices[2,3].

Although Kameyama and Ohsumi delt with conti-
nuous-time linear stochastic systems in[2,3], we con-
sider identification problems of unknown entries of
system matrices for discrete-time linear stochastic sys-
tems via pseudomeasurement approach in this pa-
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tures in different concepts, we extend ILDA with knowl-
edge transfer (ILDA-KT)[2] which was originally de-
veloped for sequential multitask learning problems[13].
In the proposed method, a discriminant feature space
is incrementally updated not only with the data of
the current concept but also by augmenting the cur-
rent discriminant feature space with some discrimi-
nant vectors selected from the previous concepts. For
this purpose, our proposed method has the following
two functions: concept-drift detection and knowledge
transfer.

This paper is organized as follows. In Section 2.,
we briefly review ILDA and ILDA-KT, and Section
3. describes its extension to non-stationary environ-
ments called extended ILDA-KT. In Section 4., we
evaluate the performance of our proposed method for
three benchmark data sets. Finally, Section 5. gives
our conclusions.

2. ILDA with Knowledge Transfer
for Multitask Learning Problems

2.1 Incremental Linear Discriminant
Analysis (ILDA)

Suppose that there are n training dataX={xj}nj=1

where xj is the jth d-dimensional feature vector. Fur-
ther assume that the number of classes is C and X is
divided into the following C subsets: Xc = {xcj}nc

j=1

where nc is the number of class c data and xcj is the
jth class c data. The between-class scatter matrix Sb

and the within-class scatter matrix Sw are defined as
follows:

Sb
def
=

C∑
c=1

nc(x̄c− x̄)(x̄c− x̄)T (1)

Sw
def
=

C∑
c=1

V c (2)

where

V c =

nc∑
j=1

(xcj− x̄c)(xcj− x̄c)
T . (3)

Here, x̄c and x̄ are the mean vector of class c data
and that of all data, respectively.

In a C-class problem, up to (C−1) discriminant
vectors W = {w1,···,wC−1} are obtained by maxi-
mizing the following class separability:

J(W )=
tr(W TSbW )

tr(W TSwW )
(4)

where tr(·) is the trace of a matrix. Let us call the
feature space spanned by W discriminant space. It is
well known that the maximization of Eq. (4) is equiv-
alent to the maximization of the numerator in Eq. (4)
under the following condition holds: W TSwW = I.
Therefore, based on the method of Lagrange multi-
plier, we can rewrite the objective function in Eq. (4)
into the following equation:

J(W )
def
= tr(W TSbW )−(W TSwW −I)Λ (5)

where Λ is a diagonal matrix whose ith diagonal ele-
ment λi is a Lagrange multiplier and corresponds to
the eigenvalue of the ith eigenvector wi. Differenti-
ating Eq. (5) with respect to W and equating it to
zero, we obtain

∂

∂W
tr(W TSbW )− ∂

∂W
(W TSwW−I)Λ=0.(6)

Then, we have the following generalized eigenvalue
problem[15]:

SbW −SwWΛ=0. (7)

Discriminant vectors W are computed by solving the
above generalized eigenvalue problem.

Here, a discriminant space model is represented
by the following sextuplet:

Ω=
{
Sb,Sw,Λ,W ,{x̄c}Cc=1,{nc}Cc=1

}
. (8)

Next, let us assume that a chunk of L training data
Y are given and the number of classes increases from
C to C ′ (C≤C ′≤C+L). The new training data are
denoted as Y = {Y c}C

′

c=1 where Y c = {yci}
lc
i=1 (c=

1,···,C ′). Here, ycj is the jth training data of class
c, and lc is the number of class c data. Note that
L=

∑
c lc. Then, new Sb in Eq. (1) and Sw in Eq. (2)

are obtained by updating V ′
c, x̄

′
c and x̄′ as follows[14]:

V ′
c =V c+

nl2c
n′2
c

(ȳc− x̄c)(ȳc− x̄c)
T

+
n2
c

n′2
c

lc∑
j=1

(ycj− x̄c)(ycj− x̄c)
T

+
lc(lc+2nc)

n′2
c

lc∑
j=1

(ycj− ȳc)(ycj− ȳc)
T (9)

x̄′
c =

nc

n′
c

x̄c+
1

n′
c

lc∑
j=1

ycj (10)

x̄′ =
N

N+L

C′∑
c=1

n′
cx̄

′
c (11)

where ȳc is the mean vector of Y c and n′
c = nc+ lc.

A new eigenvalue problem is defined by substituting
new Sb and Sw into Eq. (7). Then, it is solved to ob-
tain new discriminant vectors W ′ = {w′

1,···,w′
C′−1}

and the eigenvalues Λ′={λ′
1,···,λ′

C′−1}. After all the
components of the discriminant space model, Ω, are
updated, the training data Y are discarded and only
Ω is retained. The above procedures are repeated
whenever new training data Y are given.

2.2 ILDA-KT Under Multitask Learn-
ing

In general, if two recognition tasks have some re-
latedness, useful features in a particular task could
also be useful for the other task; that is, such two
tasks should share common feature subspaces. There-
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(a) Concept 1 (b) Concept 3

Fig. 1 An example of class boundary changes in SEA
data [16]

fore, the basic idea is that some feature vectors of one
task are transferred to a related task to share such a
subspace as an inductive bias in learning. This pro-
cess is often called “knowledge transfer.” For this
purpose, Hisada et al. [2] have proposed an extended
ILDA called ILDA-KT in multitask learning such that
a discriminant space is evolved not only by apply-
ing ILDA but also by transferring useful vectors from
other related tasks.

Assume that R tasks have trained the discrimi-
nant models Ω and stored in the long-term memory
(LTM). When a chunk data of an unknown task is
given to ILDA-KT, the number of tasks R is incre-
mented by one (i.e., R←R+1) and the index of the
current task r′ is set to R. Then, the conventional
LDA is applied to the chunk data. On the other
hand, if the given task is the r′th known task, the
r′th discriminant space model Ω(r′) (1≤ r′ <R) is
retrieved from LTM, and ILDA is carried out to up-
date Ω(r′). Then, knowledge transfer is conducted to
find effective discriminant vectors from LTM, where
all discriminant vectors W (r) (1≤ r≤R) acquired in
the past tasks are stored.

3. Extension of ILDA Under Non-
Stationary Data Streams

3.1 Basic Idea
Fig. 1 shows an example of class boundary changes

in SEA data. As mentioned before, when a concept
drift happens in a pattern recognition problem, class
boundaries usually changed from one concept to an-
other as shown in Fig. 1, and this may also lead
to the change in a suitable feature space. Therefore,
we believe that the feature extraction could also play
an important role to learn data streams with con-
cept drifts in non-stationary environments. On the
other hand, even if class boundaries are changed (i.e.,
a concept drift happens), useful features may remain
unchanged. Actually, as shown in Fig. 1, it is consid-
ered that a similar one-dimensional feature subspace
is sufficient to discriminate two classes in the two con-
cepts. Therefore, we can assume that some vectors in
certain concepts could be useful in the learning of an-
other concept. Thus, we come up with an idea of
adopting the knowledge transfer for learning feature
spaces of different concepts; we can expect efficient
feature space learning by transferring a part of dis-

criminant vectors of a certain concept to the feature
subspace of another concept.

To maintain good feature subspaces under non-
stationary environments, we introduce the following
two mechanisms: drift-detection mechanism and
knowledge transfer. In our proposed method, sup-
pose that Z concepts are already trained and the Ω
have been stored in LTM. When a known concept is
given, the corresponding discriminant space model is
retrieved from LTM and trained with new data incre-
mentally using ILDA. If a given chunk of data belongs
to a new concept, the number of concept Z is incre-
mented by one (i.e., Z←−Z+1) and the index of the
current concept z′ is set to Z. Then, LDA is carried

out for the given data Y = {{ycj}
lc
j=1}C

(Z)

c=1 in which
ycj is the jth data of class c.

3.2 Concept-Drift Detection in Feature
Space

When a concept drift happens, the class bound-
aries would be changed; thus, if we observe changes in
class boundaries, a concept drift would be detected.
Since our proposed method is an online feature ex-
traction method, the information on class boundaries
are not explicitly possessed in a discriminant space
model. However, when a concept drift happens, the
class separability for given data would be decreased
because the current discriminant vectors may not give
maximum class separation any more due to the change
in class boundaries. Therefore, a straightforward way
to detect a class-boundary change is to monitor the
class separability in Eq. (4).

Assume that a chunk of data Y (t∗)={ycj(t
∗)}lcj=1

are given at time t∗ and the current discriminant
space is Ω(z′). Since Y (t∗) may belong to a different
concept, we should not update Ω(z′) with Y immedi-
ately before confirming that no concept drift happens.
Therefore, we need to check whether the class separa-
bility is significantly decreased from the previous time
t∗−1. The class separability at t∗−1 is given by Eq.

(4), and we denote it as J(W (z′), t∗−1). The class
separability of Y (t∗) is also calculated by Eq. (4),

and let us denote it as J(W (z′), t∗). In the proposed

algorithm, if J(W (z′), t∗)<J(W (z′), t∗−1) holds, a
concept drift is suspected. Obviously, only an imme-
diate decision based on satisfying the above criterion
do not give reliable concept drift detection. There-

fore, after the first detection at time t∗, J(W (z′)) is
continuously monitored from time t∗ to t∗+ τ ; that

is, the condition J(W (z′), t∗+ τ)<J(W (z′), t∗−1)
is checked.

In addition, relying only on a single criterion to
detect a concept drift often leads to high false pos-
itive detection. To make more reliable concept-drift
detection, not only the class separability but also the
difference between the two data distributions for the
current chunk of data and the previous chunks of data
should be monitored at the same time. For this pur-
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pose, we adopt the Mahalanobis distance to measure
the distance between two distributions because not
only the center but also the variance is important in-
formation as a data distribution.

If the given data come from a different concept,
it is expected that the distribution of currently given
data moves apart from that of previously given data.
To monitor the changes in the distance between the
two data distributions, we check whether the distance
of the two distributions hold the following relation:
D(xc, t∗)>D(xc, t∗ − 1). If this condition holds,
a concept drift is suspected at time t∗. The Maha-
lanobis distance at t∗−1 is given by

D(xc, t
∗−1)=

√
(xc− x̄c)TΣ

−1(xc− x̄c) (12)

where xc is denoted as data in class c and x̄c are
denoted as the class mean vector for previous data
distribution. Here, Σ−1 is denoted as the inverse co-
variance matrix of data distribution at the previous
time step in c class.

The Mahalanobis distance of Y (t∗) is also calcu-
lated by Eq. (12), and we denote it as D(xc, t

∗). We
also check whether the condition of D(xc, t

∗+ τ)>
D(xc, t∗− 1) is continuously satisfies from time t∗

to t∗ + τ . In the proposed concept-drift detection,
if the above two conditions on the class separability
and the changes in distance are continuously satis-
fied for the period of τ , a concept drift is detected.
In order to verify whether the data from time t∗ to
t∗+τ belong to either of the discriminant space mod-
els in LTM, the class separabilities of all discrimi-
nant space models are compared to the class sep-
arability from time t∗ to t∗ + τ . If the condition

J(W (ẑ), t∗+ τ)>J(W (z′), t∗−1) holds for the �zth
discriminant space model Ω(�z), then the data from

time t∗ to t∗+τ is considered belong to Ω(�z) in LTM.
In our proposed method, we assume that a con-

cept drift is not detected if both criteria are not sat-
isfied. For example, a concept drift alarm would not

be triggered when J(W (z′), t∗)<J(W (z′), t∗−1) is
not satisfied while D(xc, t

∗)>D(xc, t
∗−1) is satis-

fied. If we only rely on individual criterion to detect
a concept drift, it would lead to high false positive
detection due to the noise of given data.

The algorithm of the extended ILDA-KT is sum-
marized in Algorithm 1.

3.3 Knowledge Transfer between Con-
cepts

In our proposed method, we extend the prior work[2]
to non-stationary environments by transferring the
useful features from other concepts to the current con-
cept.

In order to construct a high-performance discrim-
inant space, useful discriminant vectors are searched
for the complementary space of the current discrimi-

nant space, which is spanned by W (z′) = {w(z′)
1 ,···,

Algorithm 1 Extended ILDA-KT

Require: Training data X = {{xcj}nc
j=1}

C
c=1, parameters

τ and η.
1: Perform LDA to X and obtain initial discriminant

space model, Ω(1).
2: Calculate class separability J(W (1),1) and Maha-

lanobis distance D(x
(1)
c ,1) by Eqs. (4) and (12),

respectively.
3: loop {Start incremental learning.}
4: Input : Training data Y = {{ycj}

lc
j=1}

C
c=1.

5: Perform LDA to Y and obtain Ω(z′).
6: Calculate J(W (z′), t∗+t′) and D(xc, t

∗+t′) by Eq.
(4) and Eq. (12), respectively.

7: if J(W (z′), t∗+ t′)<J(W (z′), t∗−1) &

D(x
(z′)
c , t∗+ t′)>D(x

(z′)
c , t∗−1) then

8: t′ = t′+1 and retain Y .
9: else if t′ = τ then
10: Find Ω(ẑ) whose J(W (ẑ), t∗+t′)>J(W (z′), t∗−

1) is satisfied.
11: if Ω(ẑ) exists then
12: z′ = ẑ.
13: Perform ILDA to all Y and update Ω(z′).
14: else
15: Z =Z+1 and z′ =Z.
16: Perform LDA to all Y and create a new Ω(z′).
17: Perform Knowledge Transfer.
18: end if
19: Clear the queue, t∗ = t∗+ t′, and t′ =0.
20: else
21: Perform ILDA to all Y and update Ω(z′).
22: Clear the queue, t∗ = t∗+ t′, and t′ =1.
23: end if
24: end loop

w
(z′)

C(z′)−1
}. Here, z′ is the index of the current concept.

To evaluate the usefulness of discriminant vectors, we
adopt the class separability in Eq. (4).

The selection of useful discriminant vectors is con-
ducted as follows. First, all the discriminant vectors
W (z) (1≤ z≤Z) of the previous concepts are orthog-
onalized to the current discriminant space by calcu-

lating the following residue vectors Ŵ
(r)

= {ŵ(r)
1 ,···,

ŵ
(r)

C(r)−1
}:

ŵ
(r)
i =

ŵ
(r)′
i

∥ŵ(r)′
i ∥

(i=1,···,C(r)−1; r=1,···,R)(13)

where

ŵ
(r)′
i =w

(r)
i −W (r′)W (r′)Tw

(r)
i (14)

and r ̸= r′. Here, orthogonalization is aimed to find
orthogonal vectors that span a particular subspace.

This can be done by searching eigenvectors ŵ
(z)
i that

are not redundant to the existing discriminant vec-
tors. Then, the usefulness of a discriminant vector

ŵ
(z)
i is evaluated based on the class separability

J(ŵ
(z)
i ) in Eq. (4). If the following condition is sat-

isfied, a discriminant vector ŵ(z) of the zth concept
is transferred:
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J(ŵ
(z)
i )>η

{
min
k
{J(w(z′)

k )}
}

(15)

where η is a positive constant value. A discriminant

vector of the previous concept ŵ
(z)
i is transferred only

if it increases the total class separability by a certain
degree against the lowest class separability for the

current discriminant vectors ŵ(z′). The ith discrimi-
nant vector ŵ

(z)
i is transferred to the current concept

if the condition in Eq. (15) is satisfied and it is added

to W (z′) as follows:

W (z′)′ = [W (z′),ŵ
(z)
i ]. (16)

The knowledge transfer is applied to all discriminant

vectors ŵ
(z)
i (i=1,···,C(z)−1) of the zth concept, and

the same computation is applied to other discriminant
vectors of the current concept.

4. Experimental Results

Table 1 shows the information on the evaluated
data sets. For SEA data[16], 250 training data are
learned at every learning stage, and independent 250
test data are used for the performance evaluation.
The numbers of learning stages for each concept are
50, and the number of concepts to learn are 4; that
is, the total number of learning stages are 200, and
the total numbers for both training and test data are
50,000, respectively. For Checkerboard with pulse
rate data (CB-pulse) and Checkerboard with constant
rate data (CB-constant), 25 training data are given
at every learning stage, and 1,024 independent test
data are used for the performance evaluation. The
numbers of learning stages for each concept are 200
and the number of concepts to learn are 2; that is
to say, the total number of learning stages are 400,
and the total numbers of training and test data are
10,000 and 409,600, respectively. The difference be-
tween CB-pulse and CB-constant is the speed of con-
cept drifts. The details of these data sets are reported
in[6,16].

4.1 Performance Evaluation for Con-
cept Drift Detection

The performance of the concept-drift detection is
evaluated by measuring the following false positive
rate[17]:

False positive rate=
FP

FP +TN
(17)

where FP means the number of cases that there is no
concept drift but the system detects a concept drift,
and TN means the number of cases that there is no
concept drift and the system predicts it correctly.

Table 2 shows the false positive rates for the three
data sets. As seen in Table 2, the false positive rate
is as low as 0.02 for SEA and approximately 0.01
for both CB-pulse and CB-constant. Here, the to-
tal number of FP is 4 for SEA, while the total num-
ber of TN is 193. Meanwhile, the total numbers of

FP for CB-pulse and CB-constant are 4 and 5, re-
spectively. The total learning steps are 400 for both
data sets, while the numbers of TN for CB-pulse and
CB-constant are 392 and 393, respectively. From the
above results, we conclude that the proposed concept-
drift detection method works well for all the data sets.

4.2 Effectiveness of Knowledge Trans-
fer

To see the effect of the knowledge transfer under
non-stationary environments, the number of discrimi-
nant axes and the recognition accuracy are evaluated
for different values of the parameter η in Eq.(15).

Tables 3 and 4 show the influence of η on the
number of transferred axes and the recognition ac-
curacy [%] for the three data sets, respectively. The
results in Tables 3 and 4 are obtained by averaging
over the learning steps. In general, the smaller η is,
the more the axes are transferred. For SEA, although
the number of transferred discriminant axes are in-
creased when η is set to lower than 0.001, the recog-
nition accuracies are decreased. This is because the
discriminant vectors to be transferred serve as nega-
tive bias, leading to the degradation in the recogni-
tion accuracy. Therefore, the results imply that the
learned concepts have little correlation to each other;
that is, if the concepts are uncorrelated to each other,
no useful discriminant vector would be transferred.
When η is too low, the transfer of discriminant vec-
tors are not helpful in the accuracy improvement; it
would rather decrease the recognition accuracy. This
suggests that the value of η should be properly deter-
mined. From the results in Table 4, we shall select
η=0.001 for SEA. On the other hand, for CB-pulse
and CB-constant, when η is set to lower than 0.1,
the recognition accuracies are improved significantly.
This improvement indicates that there is some relat-
edness between the different concepts, and useful fea-
tures of a concept are transferred to another concept
as a positive bias. The results in Tables 3 and 4 imply
that the usefulness of the knowledge transfer depends
on the dataset. The knowledge transfer works well
when the concepts are mutually related to each other,
resulting in the enhancement in the recognition accu-
racy. Otherwise, the knowledge transfer may lead to
the degradation in accuracy.

The proposed knowledge transfer should work well
for any type of concept drifts (e.g. sudden change,
gradual change, recurrence, etc.) because only useful
discriminant vectors are selectively transferred based
on the class separability. Note that the knowledge
to be transferred is the information on a feature sub-
space, not the classifier information. In addition, even
if new classes are added to a new concept and class
boundaries are changed, the usefulness of a feature
space is not changed drastically in general because
learned concepts belong to the same task and they
share the same input domain. In the experiment,
SEA data has some sudden changes, while CB-pulse
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Table 1 Evaluated datasets

#Attrib. #Class #Train #Test

SEA[16] 3 2 50,000 50,000

CB-pulse[6] 2 2 10,000 409,600

CB-constant[6] 2 2 10,000 409,600

Table 2 False positive rate for SEA, CB-pulse and CB-constant data

SEA CB-pulse CB-constant

False Positive 0.02 0.01 0.013

Table 3 Influence of η on the number of transferred axes with standard deviation for SEA, CB-pulse, and CB-constant

Transferred Axes η=0.000001 η=0.00001 η=0.0001 η=0.001 η=0.01 η=0.1

SEA 1.5 ± 0.6 1.2 ± 0.7 0.7 ± 0.7 0.1 ± 0.4 0 0

CB-pulse 1.0±0.2 1.0 ± 0.2 0.9 ± 0.3 0.8 ± 0.4 0.5 ± 0.5 0.3 ±0.4

CB-constant 0.9±0.2 0.9 ± 0.3 0.9 ± 0.3 0.8 ±0.4 0.4 ± 0.5 0

Table 4 Influence of η on recognition accuracy [%] with standard deviation for SEA, CB-pulse, and CB-constant

Accuracy [%] η=0.000001 η=0.00001 η=0.0001 η=0.001 η=0.01 η=0.1

SEA 95.1 ± 2.4 95.8 ± 2.4 97.0 ± 2.2 98.1 ± 1.8 98.1± 1.9 98.1 ± 1.9

CB-pulse 84.9 ± 8.1 84.7 ± 8.3 84.2 ± 8.5 82.1 ± 9.5 77.0 ± 12.4 72.4 ±12.6

CB-constant 84.8 ±3.8 84.5 ± 4.8 84.2 ± 5.5 81.3 ± 8.8 71.4 ± 11.7 64.3 ± 7.3

and CB-constant consist of gradual and recurrence
changes.

Real-world data sets that satisfied the aforemen-
tioned concept drift are always occurred in the real
situation. For example, in the person identification
system, the human face keep on changing over time
due to the various factors such as aging, health con-
ditions and so forth. On the other hand, the customer
preferences for restaurant brands or cuisine may change
dramatically due to the changes of weather, reputa-
tion of the restaurant and so forth that could affect
the income of the restaurant. However, it is not easy
to obtain such real-world data sets considering the
time frame to collect the data sets. Thus, the artifi-
cial or synthetic data sets are often used to evaluate
the robustness of the proposed method. Considering
that the concept drift are often happens in the real
situation, the lack of the real-world data sets create
an another important research direction as a future
work.

In Table 4, it is noticed that the recognition ac-
curacy can depend on the knowledge transfer. Thus,
to evaluate the effectiveness of knowledge transfer in
more detail, an experiment has been carried out to
investigate the influence of chunk size to the knowl-
edge transfer. This can be done by observing the
recognition accuracy with regards to different num-
ber of chunk sizes. Fig. 2 demonstrates the influ-
ence of chunk size on the recognition accuracy for two
synthetic data sets, CB-pulse and CB-constant. We
evaluate the recognition accuracy [%] of the proposed
method when the chunk sizes are 25, 50, 100 and 125.
It is observed that the recognition accuracy for both
data sets remain constant with regards to different
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Fig. 2 Recognition accuracy [%] vs. chunk sizes

number of chunk sizes. The knowledge transfer is not
carried out if the data remained in the same concept.
The effectiveness of knowledge transfer becomes ob-
viously only if training data belong to another con-
cept where this concept is correlated with the previous
learned concepts. Thus, we conclude that the effec-
tiveness of the knowledge transfer is not affected by
different number of chunk sizes.

4.3 Evaluation of Recognition Perfor-
mance

In this experiment, we further examine the per-
formance of the proposed method by comparing the
performance with the conventional ILDA and ILDA
with the concept-drift detection (ILDA-CD). Neither
concept-drift detection nor knowledge transfer is in-
troduced in ILDA. On the other hand, for the com-
parative purpose, the same concept-drift detection as
in the extend ILDA-KT is introduced in ILDA-CD to
see the effectiveness of the knowledge transfer. The
recognition accuracy is averaged over the entire learn-
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Table 5 Average recognition accuracies [%] with standard deviation for SEA, CB-pulse and CB-constant data

SEA CB-pulse CB-constant

ILDA 98.5±1.6 68.8±9.4 66.3±5.9

ILDA-CD 98.1±1.9 68.4±8.8 64.0±7.0

Extended ILDA-KT 98.1±1.8 84.7±8.3 84.5±4.8

ing steps.
Table 5 shows the average recognition accuracies

with standard deviation for ILDA, ILDA-CD, and the
extended ILDA-KT. Here, all the methods are eval-
uated for the three data sets. As seen in Table 5,
recognition accuracies for SEA data are remained un-
changed over all the methods. This is because the
knowledge transfer is not carried out if there is no
useful discriminant vector transferred among differ-
ent concepts.

The effectiveness of the proposed method can be
observed for both CB-pulse and CB-constant data.
The proposed method works well by selectively trans-
ferring useful discriminant vectors (i.e., useful vectors
serve as positive inductive bias) and the recognition
accuracies are significantly improved. The recogni-
tion accuracy of ILDA-CD is lower than that of ILDA
for both data. Since ILDA-CD has no knowledge
transfer mechanism (i.e., no inductive bias is avail-
able), the discriminant space for a new concept should
be learned from scratch after a concept drift is de-
tected. On the other hand, ILDA has neither concept
drift detection nor knowledge transfer. Therefore, the
discriminant space model is always updated in ILDA
without recognizing concepts themselves. Interest-
ingly, we can consider it as another type of knowl-
edge transfer because a discriminant space model for
the previous concept could work as an inductive bias
when learning a new concept. However, there is no
guarantee that such inductive bias contributes to the
performance enhancement; that is, it may lead to neg-
ative effects (i.e., negative bias). Therefore, we can
say that the performance advantage in the proposed
method comes from the knowledge transfer of useful
discriminant vectors.

5. Conclusions

In this paper, we propose a novel online feature ex-
traction method by introducing the function to handle
concept drifts to Hisada et al.’s ILDA[2]. The pro-
posed method aims to deal with stream data under
non-stationary environments. In addition, a different
type of knowledge transfer function is proposed in or-
der to transfer useful discriminant vectors from other
concepts selectively to the current concept when a
concept drift is detected.

The experiments results demonstrate that our pro-
posed method outperforms the conventional meth-
ods: ILDA and ILDA-CD. The recognition accuracy
is improved significantly by introducing the knowl-
edge transfer of discriminant vectors from other con-
cepts. However, the usefulness of the knowledge trans-

fer depends on how learned concepts are correlated to
each other; that is, the knowledge transfer would not
be performed if concepts are mutually uncorrelated.
We should note that the performance of the extended
ILDA-KT is not degraded even in this case.
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