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ABSTRACT 

Nowadays, most of real world problems in mathematical engineering and physics fields 

are represented by using Two-Dimensional (20) Laplace's Equation. The best technique to solve 

Two-Dimensional (2D) Laplace's Equation is by using Finite Element Method. However, the 

engineers face some problem as the Finite Element Method is designed specifically for a certain 

problem and hardly to be implemented for other related problem. This is because the current 

solution of Finite Element Method is not in general equation. Most of the solutions have applied 

the additional variable into the main equation of Finite Element Method based on their problem 

fields, thus the solution with general equation of Finite Element Method does not exist. Since 

each problem field has different additional variable needed, it becomes the reason that the 

current solution of Finite Element Method hardly be used by the engineers to solve problem from 

different fields. Therefore, this project is trying to develop a solution with general equation of 

Finite Element Method by using Galerkin technique in order to solve Two-Dimensional (20) 

Laplace's Equation. This proposed method is the combination of Finite Element Method and 

Galerkin technique, where the existing solution of Finite Element Method is modified to 

correspond with Galerkin technique. From the general equation of Galerkin Finite Element 

Method obtained, engineers can use the same basic equation of Finite Element Method to solve 

Two-Dimensional (20) Laplace's Equation and only consider additional variable needed to 

correspond with their different problem fields. 

X 



ABSTRAK 

Pada masa ini, kebanyakan masalah daripada dunia sebenar dalam bidang kejuruteraan 

matematik dan fizik diwakili dengan menggunakan Persamaan Laplace Dua Dimensi (2D). 

Kaedah terbaik bagi menyelesaikan persamaan ini adalah dengan menggunakan Kaedah Unsur 

Terhingga. Walau bagaimanapun, jurutera-jurutera menghadapi masalah kerana kebanyakan 

penyelesaian bagi Kaedah Unsur Terhingga direka khusus untuk masalah tertentu dan susah 

untuk digunakan untuk masalah lain yang berkaitan. Hal ini demikian kerana penyelesaian bagi 

Kaedah Unsur Terhingga pada masa ini bukanlah dalam bentuk persamaan umum. Kebanyakan 

penyelesaian telah mengaplikasikan pembolehubah tambahan ke dalam persamaan utama 

Kaedah Unsur Terhingga berdasarkan bidang masalah mereka, menjadikan penyelesaian 

menggunakan persamaan umum Kaedah Unsur Terhingga tidak wujud. Memandangkan setiap 

bidang masalah memerlukan pembolehubah tambahan yang berbeza, ia menjadi penyebab 

penyelesaian bagi Kaedah Unsur Terhingga pada masa ini susah digunakan oleh jurutera bagi 

menyelesaikan masalah daripada bidang yang berbeza. Oleh itu, projek ini dijalankan bertujuan 

untuk membina penyelesaian dengan sebuah persamaan umum Kaedah Unsur Terhingga 

menggunakan teknik Galerkin bagi menyelesaikan Persamaan Laplace Dua Dimensi (2D). 

Kaedah ini merupakan gabungan antara Kaedah Unsur Terhingga dan Kaedah Galerkin, di 

mana penyelesaian bagi Kaedah Unsur Terhingga diubah suai bersesuaian dengan Kaedah 

Galerkin. Hasil daripada persamaan umum Kaedah Unsur Terhingga Galerkin yang diperolehi, 

jurutera boleh menggunakan persamaan asas Kaedah Unsur Terhingga yang sama untuk 

menyelesaikan Persamaan Laplace Dua Dimensi (2D) dan hanya mempertimbangkan 

pembolehubah tambahan yang diperlukan bersesuaian dengan bidang masalah yang berbeza. 
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CHAPTER 1: INTRODUCTION 

1.1 Introduction 

Nowadays, there are many problems encountered in vanous fields of mathematical 

engineering and physics especially problems related to fluid dynamics, astronomy, heat 

conduction and electromagnetism. Most of these problems require the involving of partial 

differential equations (PDEs) as solutions. The best technique to determine the accurate results of 

partial differential equations is by using Finite Element Method. 

Finite Element Method (FEM) is a numerical method that commonly used to solve partial 

differential or integral equation. This method is very suitable to represent and simulate physical 

systems, in which the differential equation is accessible. It is also able to manage arbitrary 

geometry present in the solution domains, where the geometry is substituted by the nodes of 

element with a finite number of degrees of freedom. Some of the equations that can be solved by 

using Finite Element Method are Poisson's equation, the equations of electromagnetics and 

electrostatics, the equation of potential and viscous flow, the convection-diffusion equation, 

Laplace's equation and Helmholtz's equation. 

In this project, the focus is on how Finite Element Method can be used to solve Two 

Dimensional (2D) Laplace's Equation. Laplace's equation is chosen as it can exactly define the 

characteristics of fluid potentials, gravitational and electric. Moreover, it is the steady-state heat 

equation for heat conduction problem, in which it means that Laplace's equation is a very stable 

equation to represent the heat characteristics. The main technique to solve Two-Dimensional 

(2D) Laplace's Equation here is by using Galerkin technique, where it is one of the 
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implementation of the Finite Element Method. A process called Galerkin projection is applied to 

derive algebraic equations from particular differential equations. From the general equation of 

Galerkin Finite Element Method obtained, engineers are able to implement the same basic 

equation of Finite Element Method to solve Two-Dimensional (2D) Laplace's Equation and only 

consider additional variable needed to correspond with their different problem fields. 

1.2 Problem Statement 

Two-Dimensional (20) Laplace's Equation seems to be very important equation for 

solving problems with differential equations. In mathematical engineering and physics fields, the 

Two-Dimensional (20) Laplace's Equation becomes the best solution to describe the behavior of 

the systems such as heat conduction, gravitational, electric and fluid dynamics. 

However, the current solution of Finite Element Method for solving Two-Dimensional 

(2D) Laplace's Equation is not applicable and very limited for all types of problems. Most of the 

solution is designed specifically to solve problems only for certain fields, where problems that 

have different concepts or techniques are hardly can use the same solution. This is because the 

current solutions have considered the additional variable needed by their problem inside the main 

equation of Finite Element Method, thus the solution with general equation of Finite Element 

Method does not exist. For example, fluid dynamic and heat problem have different additional 

variable needed. Even though both of them using Finite Element Method as a solution, the main 

equation of Finite Element Method used is not the same. Therefore, engineers cannot use the 
a 

same solution of Finite element Method to solve problems from different fields. 

By using Galerkin technique, is it possible to develop a general equation of Finite 

Element Method to solve Two-Dimensional (2D) Laplace's Equation so that engineers can use 
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the same basic Finite Element Method equation and only consider the additional variable 

needed? 

1.3 Objectives 

The objectives of this project are given as follow: 

• To develop a general Finite Element Method using Galerkin technique, that is applicable 

to solve Two-Dimensional (20) Laplace's Equation. 

• To identify the list of criteria to develop this particular Galerkin Finite Element Method. 

• To understand on how Galerkin Finite Element Method in solving Two-Dimensional 

(2D) Laplace's Equation. 

1.4 Methodology 

In this project, the methodology used is research methodology. Several steps are designed to 

achieve all the objectives. 

1.4.1 Problem Formulation 

In research methodology, the most important step is to formulate the research 

problem. This is because it would decide the next steps that follow. For this project, the 

problem is to develop a general Finite Element Method to solve Two-Dimensional (2D) 

Laplace's Equation by using Galerkin technique. 

1.4.2 Objectives Formulation 

Once formulated the research problem, it is necessary to set the objectives of the 
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project. These objectives can help to stay focus on the project goal, which are to design a 

general Galerkin Finite Element Method for solving Two-Dimensional (20) Laplace's 

Equation. It is useful in understanding more on the objectives so that all the contents 

provided throughout the project is within the scope stated. 

1.4.3 Literature Review 

The next step is to review the literatures that are related to the project. Literature 

review gives more explanation and brings focus to the formulated research problem. It 

helps to understand the usage of Galerkin Finite Element Method in solving Two 

Dimensional (20) Laplace's Equation. Besides that, literature review enables to 

comprehend the existing steps and formulation of the Finite Element Method to solve the 

Two-Dimensional (2D) Laplace's Equation. 

1.4.4 Mathematical Formulation 

Based on the existing solution of solving Two-Dimensional (2D) Laplace's 

Equation using Finite Element Method, the solution is modified to correspond with 

Galerkin technique. This is to develop a general equation of Galerkin Finite Element 

Method to solve the Two-Dimensional (20) Laplace's Equation. From here, the list of 

criteria to develop this particular Galerkin Finite Element Method should be acquired. 

1.4.5 Solve/Simulate 

Next, the general equation of Galerkin Finite Element Method in solving Two 

Dimensional (2D) Laplace's Equation would be simulated by using MATLAB software. 
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The equation is transformed from mathematical formula to a computer program. 

1.4.6 Result Analysis and Discussion 

Based on the simulation of Galerkin Finite Element Method m solving Two 

Dimensional (2D) Laplace's Equation, the result would be analyzed and evaluated. 

1.4.7 Report Preparation 

The final step is to prepare a project report. This report is to give details 

information on the steps and formulation involved in Galerkin Finite Element Method to 

solve the Two-Dimensional (20) Laplace's Equation. 

1.5 Scope 

The scope of the project is to solve Two-Dimensional (2D) Laplace's Equation using 

Finite Element Method. This project would mainly use Galerkin technique, where it is one of the 

implementation of Finite Element Method. The boundary condition used is Dirichlet boundary 

condition. This is because Dirichlet boundary condition is more simple and available for all 

problems. 

1.6 Significance of Project 

The significance of the project is to propose a general equation of Finite Element Method 

solution to solve Two-Dimensional (2D) Laplace's Equation by using Galerkin technique. This 

solution would improve the previous existing solutions and ease in solving problems especially 

problems from physics and mathematical engineering areas. The general equation of Galerkin 

Finite Element Method would be the main equation for solving Two-Dimensional (2D) 
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Laplace's Equation, before any additional variable is considered based on different problem 

fields. 

1.7 Project Schedule 

The project schedule would be carried out for 1 year. The detail of the timeline can be 

seen in the appendix. 

1.8 Expected Outcome 

At the end of the project, there would be a simulation of Galerkin Finite Element Method 

in solving Two-Dimensional (2D) Laplace Equation. 

1.9 Project Outline 

The outline throughout the project is given as follow: 

1.9.1 Literature Review 

Chapter 2 would cover the literature review of the project. In this chapter, all the 

existing method to solve Two-Dimensional (2D) Laplace's Equation is presented 

and discussion is made for each method. A new approach of Galerkin technique is 

proposed to solve the problem. 

1.9.2 Methodology 

Chapter 3 describes the methodology used throughout the project. The overall 

processes and steps to solve Two-Dimensional (2D) Laplace's Equation by using 
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Galerkin Finite Element Method is covered, so that it would be the guideline for 

the whole project. 

1.9.3 Implementation and Testing 

Chapter 4 is about the implementation and testing of the proposed solution onto 

this project. The development and functional testing would be done. All the 

progress and analysis of the project would be documented. 

1.9.4 Conclusion and Future Work 

Chapter 5 covers the conclusion of the project. The conclusion is made based on 

the results obtained from the research. Moreover, future works for this project 

would be discussed. 
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CHAPTER 2: LITERATURE REVIEW 

2.1 Introduction 

In this chapter, the focus is on literature review. From the literature review, all the 

existing solution of Finite Element Method to solve Two-Dimensional (2D) Laplace's Equation 

is presented. There would be a record of comparison among each method and it would be further 

analyzed. This is to give an overview of the past researches, so that the coming research would 

have a better understanding on the steps, fonnulation and criteria needed to solve the problem. 

2.2 Existing Finite Element Method in solving Two-Dimensional (2D) Laplace's 

Equation 

2.2.1 Generalized Finite Element Method 

According to Strouboulis, Copps and Babuska (1998), Generalized Finite Element 

Method (GFEM) is an extension of the standard Finite Element Method. The method is used to 

approximate the non-smooth function. This method enables the integration into the basis 

approximation of any special function, where the solution is locally approximate. It is not a new 

idea to integrate the special function that can throw back the local character of the solution in the 

approximation. The local character has the characteristics, which are parts of the numerical 

computed function that included in the harmonic polynomial enrichment ( or local) function 

(Fries & Belytschko, 2000). Harmonic polynomial enrichment gives improvement in the general 

approximation properties for the whole domain. 

In Generalized Finite Element Method (GFEM), it can solve Two-Dimensional (2D) 
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Laplace's Equation by implementing the special harmonic basis functions onto the domain of the 

problems (Strouboulis, Copps and Babuska, 1998). Since Partition of Unity Method (PUM) deals 

with hannonic polynomials, it is used to attach the special function to the basis of mapped 

polynomials in standard Finite Element Method (Fries & Belytschko, 2000). Through a simple 

multiplication process, the special function is pasted into the approximation when it is multiplied 

with the vertex 'hat' function. The 'hat' function is derived from the bilinear or linear finite 

element shape function. Moreover, this method can use the same boundary conditions as in the 

standard Finite Element Method, namely Dirichlet boundary and Neumann boundary condition. 

It also uses Finite Element Mesh Method for some of the numerical integration. The mesh is the 

discretization of the whole domain into triangular or rectangular elements to get a better grid 

convergence. Strouboulis, Copps and Babuska (1998) state that the advantages of using 

Generalized Finite Element Method (GFEM) to solve the related problems are as follow: 

• Easy to integrate into the existing Finite Element Method. 

• Easy to integrate the special function that approximate the solution locally. 

• Work well with meshless method, where there is no difficulty in Dirichlet 

boundary condition and numerical integration. 

• Work well on meshes that cover parts of the domain boundary. 

2.2.2 Extended Finite Element Method 

According to Fries and Belytschko (2000), Extended Finite Element Method (XFEM) is 

similar to Generalized Finite Element Method (GFEM), in which it implements Partition of 

Unity Method (PUM) provided by standard Finite Element functions. This method has the same 

enrichment structure with the Generalized Finite Element Method (GFEM) (Saxby, 2014). The 
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