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ABSTRAK

1 dalam projek imi, kaedah pembolehubah nombor kompleks digunakan
untuk menyelesaikan masalah konduksi haba yang melibatkan titik sempadan.
Kaedah yang digunakan adalah berdasarkan kaedah kamiran Cauchy. Satu
aturcara telah dibangunkan dengan menggunakan bahasa pengaturcaraan
FORTRAN 77. Atrcara im digunakan untuk mengira taburan haba dan

medan haba dalam sesuatu pepejal.



ABSTRACT

In the present project, the complex variable boundary element method
(CVBEM) is applied to solve some heat conduction problems in solid. The
method 1s based on the Cauchy integral formulae. A computer program in

FORTRAN 77 based on the CVBEM is developed to calculate temperature

and heat flux distribution in solid.

vi



CHAPTER 1

MATHEMATICAL PRELIMINARIES

1.1 Introduction

Heat conduction is increasingly important in modern technology, in the carth
sciences, and in many other evolving areas of thermal analysis. The specification of
temperatures, of heat sources, and heat flux in regions of material in which
conduction occurs, gives rise to analyses of temperature distributions, heat flows, and
conditions of thermal stressing. The importance of such conditions has led to an
increasingly highly developed analysis in which sophisticated mathematical and

mnereasingly powerful numerical techniques are used.

The main objective of the project is to apply the complex variable boundary element
method (CVBEM) to calculate the temperature distribution in amisotropic body. The

CWVBEM is implemented in FORTRAN code.

In order to devise a numerical method for solving solve the heat conduction problem,
it is essential to understand the physics and mathematics, which is relevant to the heat
conduction in & solid. In the present chapter, the basic equations for heat conduction
in anisotropic bodies are presented. The boundary value problem (BVP) for two-

dimensional analysis of steady-stale temperature in anisotropic bodies 1s brefly



explained. A general discussion of the boundary element method (BEM) for solving

the BVP is also given.

1.2 Fourier’s Law

The early development of heat conduction is largely due to the effort of French
mathematician, Joseph Fourier. In 1822, he proposed what is well known today as
Fourier’s law of heat conduction, 1.e,

qQi = -AdT/ax,) (1.1)

In (1.1) g is the heat flux vector (w/m°) in x, direction and X, could be x,y or z in a
three dimensional Cartesians. T is the temperature (K) and A is the thermal
conductivity of the material (w/mK). Note that the minus sign in (1.1) implies that

heat flows from a point with higher temperature to a point with lower temperature [2].

The equation for the heat flux as given by (1.1} is valid for thermally isotropic bodies.
Roughly speaking, the term “thermally isotropic” mean that if a heat source is placed

at a point in a solid there is no preferred direction of heat flow.

In the case of anisotropic materials, there is a preferred direction of heat flow.
Therefore, Fourier's law as given by (1.1) needs to be modified in order to include the
directional dependence of the thermal conductivity. The modification of (1.1) for

Fourier's law in anisotropic material is as follows:



A — 1=1,23 (1.2)
2 i ‘h

Where Aj; are the coefficients describing the thermal conductivity of the solid. From
the laws of physics, it is well known that the coefficients A; have to satisfy the
properties

has = A (1.3)
and

1

i
Z Z.?L £,£, >0 for any non - zero matrix [£, ] (1.4)

i=1  j=1

Note that for thermally isotropic bodies, A;; = Ad;; . where Oij 15 the Kronecker delta.

M Governing Equation for Conservation of Energy

The flow of heat in a solid must obey the first law of thermodynamic, which is also
known as the law of conservation of energy. The first law of thermodynamic states
that the rate of energy flowing into a closed system is equal to the rate of energy
flowing out, plus the rate at which energy accumulates inside the system [6]. For
further details on the above law, refer to Holman [6]. Mathematically, the law can be

expressed as (in the absence of any internal heat generator)

Zai- f}.]_r (1.5)

,|Bxl_pfa:

where p and ¢ are density and specific heat capacity of the solid respectively.
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In this project the temperature is assumed to be dependent on only x; and x», i.e. two-
dimensional and steady state. The body is assumed to be homogeneous so that the

coefficient A, are constant. With these assumptions, substituting (1.2) into (1.5) gives

2

r Y
224 ij ox) i)

i

Notice that for the two-dimensional analysis, (1.4) can be written as

Ay gy — Afy >0 § By

The two-dimensional analysis is valid for structures in the form of a very thin flat
plate or for an infinitely long cylinder whose geometry does not change in the xa axis.
The geometry 15 shown in Figure 1.1. In the former, the plate 1s thermally insulated
everywhere excepl possibly along its edge. In the latter, temperature or heat flux

independent of X3 is prescribed on the boundary of the infinitely long cylinder.

14 Boundary Value Problem
The steady-state two-dimensional thermal analysis can be mathematically formulated
in terms of a BVP. Let the body be denoted by R and its boundary by C as in Figure

1.2. The BVP is to solve (1.6) in R subject to

Tix,,x,)=P(x,,x,) for (x,,x,) € C[} (1.8)

Px,.x;)=01(x,x,) for (x,,x,)e C,

where ¢ ( %;, x2) and Q( X, x;) are suitably prescribe function of X, and x; and P is

the heat flux across the curve C defined by P = ?ijnka'rrax,, with n, being components



of the unit outer normal vector to R on C. C; and C; are non-intersecting curves such

that Eruithi=C,

1.5  Boundary Element Method (BEM)

The BVP above can be exactly solved for simple cases only, e.g. square boundary
and simple forms of ¢ and Q. In general, it has to be solved numerically or
approximately, One numerical method for solving the BVP 15 the so-called boundary
element method (BEM). In the BEM, a boundary integral solution of (1.6} 1s obtained.
The trick is then to use the integral solution to satisfy the condition (1.8). The method

works for any general shape of C and for any suitably prescribed function ¢ and Q.

The main advantages of the BEM, compared to other numerical techniques such as
finite element method and finite difference method, can be summarized in the
following statements:
¢+ Modeling boundaries and boundary conditions very natural,
¢ The BEM is ideal for problems with infinite domains, such as problems of
soil mechanics, fluid mechanics and thermal analysis and elastodynamic.
¢ The BEM offers a fully continuous solution inside the domain, and the
problem parameters can be evaluated directly at any point there,
¢ Resolution of response gradients is not tied to volume mesh refinement, as

the case would be in the finite element method.



The BEM of course has its own drawbacks, which have some effect in making it less
popular with engineers than other methods. and they can be outlined as follows:
¢ The derivation of the governing boundary integral equations (BIEs) may
require a level of mathematics higher than that with other methods, but the
procedure of the BEM 1itself is no different from that of the finite element
Method, FEM.
¢+ The BIEs of nonlinear problems may have domain integrals, which require
the use of domain elements for their evaluation, thus losing the man
advantage of the dimensionality reduction mentioned above. It must be
mentioned though that in recent years advances in research have been able
to deal quite successfully with the issue of domain integrals that pop up in

nonlinear problemns.

For further details on the above advantages and disadvantages of BEM, refer to James

H.Kane [5].

More traditional approach of the BEM makes use of real analysis- with Green’s
theorem and fundamental solution. For further detail, see El-Zafrany [1]. For two-
dimensional problems, there is an alternative to the traditional BEM approach, i.e. to
use complex analysis with the Cauchy integral formulae. BEM based on complex

analysis 1s known as the complex variable boundary element method (CVBEM).

The CVBEM was originally introduced by Hromadka II and Lai [4] for solving

boundary value problems governed by two-dimensional Laplace's equation. In the



present project a version of the CVBEM which was recently proposed by Ang and
Park [9] will be used to solve the two-dimensional heat conduction problem. The
CVBEM approach of Ang and Park [9] differs from that of Hromadka and Lai [4] in
the manner in which the boundary conditions are treated. The CVBEM of Ang and
Park [9] is derived in Chapter 2 and tested using a BVP with a known solution. In

chapter 3, the CVBEM is applied to solve specific heat conduction problems.



very thin plate
(a)

an infinitely-long cylinder

(b)

Figure 1.1: (a) a thin plate; (b) an infinitely-long cylinder



Curve

Figure 1.2: Boundary with simple close curve C



CHAPTER 2

COMPLEX VARIABLE BOUNDARY ELEMENT METHOD

2.1 Introduction

In this chapter, a boundary element method based on the Cauchy’s integral formulae,
called the complex boundary element method (CVBEM), which was introduced by
Ang and Park (9), for solving the BVP in section {1.8) will be explained n details,
The method reduces the BVP to a system of linear algebraic equations. The
coefficients of the algebraic equation are easy to compute. Hence it 1s easy to
implement the method on a computer, The derivation of the method is done by Ang

and Park [9] and Ang. Clements and Coocke [10]. It is repeated in this chapter.

2.2 CVBEM
It 15 well known that the real and imaginary parts of a complex function
f(z)=f(x; + 1x;) which is analytic in the region R are the solution of the system (1.6) in

R. Therefore, the system (1.6) has the general solution of the form

T(x, x, )=Relf(x, +x, )} (2.1)

o - A —;'L-.I :
where T = L it{?ﬂ - N ; !'=~.:"T
P



Since f is analytic function of  x; + x» for (x; + x2) € RUC the Cauchy's integral

formula to be used are given by
i I ¢ f(2)dz
(¢) =— / {2.2)
/ 2mi fﬁ e

fley=—

Sflaydz 4}5"
2m i c)’

Where ¢ = &, + t§; and &, and &; are real parameters and C is assigned un

anticlockwise direction and z= x; + Tx;

The boundary C is discretised by placing M points (x,'", x2'"), (x,'"*, x2™, ..o
;"™ 1x,"™) (in anticlockwise direction) on it. If we denote the straight line segment
from (™™ 0 6™, ™M by Y [k=1.2,...M] and (x"1 x0T
= (x;"""+ 1x5'""). Now we can make an approximation

c=c"ucPucu......... Wl (2.4)

with the approximation (2.4), the formula (2.2) may be approximately written as;

Fle)= fi Jelz

Z—C

To evaluate the complex integral over C** in (2.5), let us expand f(z) = f(x; + Tx2) as a
Taylor Maclaurin series about z,® where z,* = y; + 1y and (v;™v.*)) is the

midpoint of ¢, Therefore,

f2)=f2P)+ 2=z @MY+ 2z =2 i)+ (2.6)



0(&,.6,) =cos™

(2.11)

If the point ¢ is pushed to approach z,*' from within R, we find that (2.9) still remains

valid and can be wrllen as

Z{NWI+I1ir'|”}E/H:'[}'1m -.m}_“_!g,rh inn Iu }_jmam.] ﬂ ':2]2)
k=l

Where 8y, is the kronecker-delta and (v,"™,y2"™) is the midpoint of C'"™. The real and

imaginary part of (2.12) will become

Z{ I'“[ZJTIE _EI*1{}ILNJ |.-:| :I]+ 9 1;{}1|m.-1-1r_;.--.'.:|]_= 0. 1,2'3}

Zﬁf“'[ﬁ*”w'“’,:r“"’)—ﬂm'c?m [ vy, yim=o. .1

It seems that either (2.13) and (2.14) can be used to set up a system of linear algebraic
equation with k = 1.2,.... M. Notice that ¥* (v, y,*1=0 and 8 ¥ (v, y,"™) =n.
Since ¥*' (v,™,y,™)=0, choosing (2.14) may result to an ill-conditioned system. Thus

we prefer (2.13).

The system (2.13) y consists of M equation but there are 2M unknown u' k' and v, In
order to solve the algebraic equation, more equation is needed. The other equation

come from the boundary condition.



As mentioned before, on each elements of C* either @ or n.V® is specified. From

(1.8)

u™ = &y, y,™) i Tis specified over C**! (2.15)

The above equation can be rewritten as

M
> 8,0 =0y, 3,") (2.16)
m=1

Now let us consider the boundary condition where P is specified over C'*. As

mentioned before, P is given as:

F"—‘;‘L”nlaaTT (2.17)

I

T is a real function. From (2.1) where T = Re{f(x; + tx2)}

It follow that

L. Re{f (x, + ™, )}
dx, .
and §—I=Rc{tf'{x, +1, )} (2.18)
X

Now, let we expand (2.17)

2 -
2”‘; [;{'ji a_T + -l.i:- 'E}_T“i| == Q'[-'H o (2.19)
=1 dx, dx,




By putting (2.18) into (2.19), it will give us
Zn} [}.l‘ Rc{f'(_ﬁ 45 )}+ A Rc{{f'(xl + U:)H=QUL1, X, )
=
3, Red (A, + 74, ) (x, + 0 }= 00, x) (2.20)
i=|

Assume that L, - A4, + TAiz, 50 (2.20) can be rewritlen as

RE{ZHJL;J{*{I' +H2}}=Q[.r,,xzj (2.21)

To deal with condition (2.21), we use the Cauchy integral formula. From (2.5), if we

use Taylor-Maclaurin series

ferd (ki ’d: sty kY {Z—Z.mllifz
flz, - + ' —_
J- "z — ) Iz, J_L T € }Lm

(z—z,'"")dz

fogttigl S5 Sy 2.92
e . ot (2.22)

By omitting 0(h™']*) or higher order terms in (2.22) w find that

J‘ f(z:'d:.

_1 | |
{'—L} _f{-hll“ [ .i1+1|__(+:.;“_c] |tCiZIkJ {223]

If we let ¢ approaches zg™' from within R in (2.21) and neglect O[h(k)] or higher

order terms, we obtain

lim |, fr“"}d" = f{ LH}[ I" -+ — j_ ]+mf{‘.”’ (2.24)

15





